We experimentally observe Floquet Raman transitions in the weakly driven solid state spin system of nitrogen-vacancy center in diamond. The periodically driven spin system simulates a two-band Wannier-Stark ladder model, and allows us to observe coherent spin state transfer arising from Raman transition mediated by Floquet synthetic levels. It also leads to the prediction of analog photon-assisted Floquet Raman transition and dynamical localisation in a driven two-level quantum system. The demonstrated rich Floquet dynamics offers new capabilities to achieve effective Floquet coherent control of a quantum system with potential applications in various types of quantum technologies based on driven quantum dynamics. In particular, the Floquet-Raman system may be used as a quantum simulator for the physics of periodically driven systems.
Introduction.-Coherent control of quantum system is an essential prerequisite in a wide range of quantum experiments [1, 2] . In particular, it is the most fundamental ingredient for the realization of quantum technology, including quantum computing [3] , quantum simulation [4, 5] and quantum sensing [6] . Time-dependent periodic driving, as implemented for example by laser and microwave field, is commonly used for coherent quantum control of atom and spin systems [7, 8] . For two-level quantum systems, the well known Rabi oscillation [9] induced by a weak periodic driving field on resonance leads to coherent oscillatory state transitions. Stimulated Raman transitions between two ground states via a far detuned third excited state provide an extremely powerful tool for coherent manipulation [10] . Moreover, periodic driving is an useful tool that may lead to new exotic phases, such as topological Floquet insulators [12] [13] [14] [15] [16] and time crystals [17] [18] [19] [20] . An important consequence of periodic driving is the emergence of synthetic dimensions supported by Floquet dressed state which opens the field of Floquet Hamiltonian engineering [21] and new techniques for coherent quantum control [22] .
Periodic driving is not only the basis of coherent quantum control, it also plays an important role in several fundamental concepts in quantum dynamics, e.g. geometric phase [23] and adiabatic quantum algorithm, where the validity of adiabatic evolution [24] [25] [26] [27] [28] [29] is usually required. The traditional adiabatic condition requires the change of Hamiltonian to be sufficiently slow on the time scale that is proportional to the inverse squared energy gap [9] . Such an adiabatic condition was however found to be neither sufficient nor necessary to guarantee adiabaticity [30] [31] [32] [33] [34] [35] . An observation of non-adiabaticity violating the traditional adiabatic condition was shown in [36] which can be explained by Rabi resonance. The general anomalous non-adiabaticities appearing in a weakly periodically driven two-level system has fundamental connection with Floquet resonance [39] . The experimental demonstration of general anomalous non-adiabaticities in periodically driven systems remains challenging due to the requirement of sufficiently long coherence time and precise quantum control.
In this work, we experimentally study Floquet dynamics of a single nitrogen-vacancy (NV) center spin in diamond driven by a weak microwave field. As compared with strong driving [22] , the driving strength is much weaker than the frequency detuning and conventionally it would not induce spin state transition. With such a weakly driven two-level system, we simulate a two band Wannier-Stark ladder model [37, 38] , and instead observe coherent oscillation between spin states. The phenomenon represents Raman transition between Floquet synthetic levels [39] albeit the system itself is a two-level quantum system. We also show that analog photonassisted Raman transition can be realised among Floquet levels, which provides a new knob for the engineering of quantum control. We expect that the present idea can be extended to simulate and investigate variants of Wannier-Stark ladder model, e.g. with complex hopping amplitudes, by exploiting Floquet synthetic levels. In addition, the observed Floquet Raman transitions manifest general anomalous non-adiabaticities in periodically driven system, and may help to gain further insight into adiabatic quantum dynamics.
Floquet Raman transition.-The two-level quantum system in our experiment is a spin- ppb nitrogen impurities). The scan image of NV center as shown in Fig.1(a) is obtained from a home-built confocal setup. The NV center spin has the advantage of long coherence time (i.e. narrow line broadening) under ambient condition [40] , which is mainly dependent on the nuclear spin bath in diamond and temperature fluctuation for the present sample. The NV center has a triplet ground state with three spin sublevels m s = 0, ±1. The degeneracy of m s = ±1 is lifted by applying an external magnetic field B z along the NV axis, which provides an effective two-level system supported by the ground state sublevels m s = 0 and m s = −1 with an energy gap ∆E = D−γB z , where the zero field splitting is D = (2π)2.87GHz and γ is the electron gyromagnetic ratio. We apply a magnetic field B z = 509 G along the NV axis so that the nitrogen nuclear spin is polarized. The value of ∆E is determined by pulsed optically detected magnetic resonance measurement (pulsed ODMR), which also confirms the polarization of the nitrogen nuclear spin [41] . The stability of the energy splitting is very critical to observe Floquet Raman transition [39] . In our experiment setup, we mount the diamond sample on a single-stage TEC element under temperature control. The temperature of the diamond sample is stabilized by a 12W temperature controller (Thorlabs TED200C) so that the temperature fluctuation is reduced down to 0.1K that corresponds to a line broadening of ∼ 7.7 kHz [42] . The Ramsey measurement suggests a line broadening of ∼ 40kHz for the NVs used in our experiment, which corresponds to a coherence time of T * 2
4µs, see Fig.1(c) . To implement Floquet quantum control and observe Floquet Raman transition, we synthesize a microwave field described by V (t) = ∆ x cos(ω d t) + 2A cos(ω d t) sin (ωt) with ∆ x , A ω d with accurate timing and amplitude by using a Tektronics arbitrary waveform generator. In the interaction picture, we find the effective Hamiltonian for the two-level system [41] 
where we set = 1, ∆ z = ∆E − ω d , σ x , σ z are Pauli operators for the spin-1 2 system, ∆ x and ∆ z represent the transversal and longitudinal components of the energy splitting. In our experiment, we exploit Floquet synthetic levels supported by the periodically driven Hamiltonian in Eq.(1) to achieve coherent control of spin state. To precisely determine the relevant parameters, we perform Ramsey measurement and determine the frequency detuning ∆ z , see Fig.1(c) . Subsequently, we measure Rabi oscillation and estimate the effective Rabi frequency Fig.1(d) , from which we are able to determine ∆ x . We are interested in the weak driving and large detuning limit, namely A |ω 0 − ω|, where ω 0 quantifies the energy gap between the eigenstates of H s = (∆ z /2)σ z + (∆ x /2)σ x . We remark that the Floquet Hamiltonian Eq. (1) is also feasible by applying a magnetic field that has both longitudinal and transversal components (namely ∆ z and ∆ x ).
According to Floquet theory, the evolution dynamics of the periodically driven two-level system can be described by Floquet quasi energy states (namely Floquet modes) |φ k (t) with the corresponding quasienergy j as |Ψ(t) = k c k e −i k t |φ k (t) . The Floquet states and spectrum were observed in a strongly driven superconducting flux qubit [22] . The Floquet dynamics of a weakly driven two-level system can be mapped to a two-band WannierStark ladder model [37] [38] [39] . The upper and lower bands arising from Floquet synthetic dimensions [20] correspond to the spin states |± that are the eigenstates of H s [41] , namely |+ = cos(
The energies of the upper and lower Floquet levels denoted as |±, n are E ±,n = ±(ω 0 /2) + nω, where ± repre- driven two-level system can be mapped to a two-band Wannier-Stark ladder model. The upper and lower bands correspond to the spin states |±i that are the eigenstates of
The energies of the upper and lower Floquet levels denoted as |±, ji are E ±,j = ±! 0 j!, where ± represents the upper and lower band respectively, see Fig.2 (a). As |±i are not the eignenstates of x , the e↵ect of the weak driving A in the Hamiltonian Eq.(1) will couple the levels |+, ji and | , ji with |↵, j ± 1i, where ↵ = ±, see Fig.2 
(a). The coupling strength is ±( 1)
↵ (A x /i2! 0 ) and ⌥(A z /i2! 0 ) respectively, see Ref. [15] and supplementary information. Therefore, it can seen that the tunneling between the upper and lower band as meditated by Floquet synthetic dimension can be exploited to manipulate spin state in a coherent manner.
In our experiment, we exploit the three-level configurations provided by Floquet synthetic dimension, allowing the implementation of Raman transitions between the upper and lower levels. For example, |+, j + 1i, |+, ji and | , j 1i forms a ⇤ three level system, see Fig.2 
(b).
In order to enable e cient Raman transition between |+, j + 1i and | , j 1i via the intermediate state |+, ji, the energy resonant condition has to be satisfied, namely E +,j+1 = E ,j 1 [18, 19] . This leads to the Floquet resonance condition ! = ⌦, which is contrast to the conventional Rabi resonance condition ! = 2⌦ for a driven two-level system [18] . We remark that the exact resonance conditions are slightly modified due to the highorder energy shift, see supplementary. We first prepare the NV center spin in the state | i, namely in the lower band, by applying a microwave pulse on resonance with the two-level system with the amplitude ⌦ ✓ for a time duration ⌧ ✓ = ✓/⌦ ✓ . The system is then governed by the Floquet Hamiltonian as in Eq. (1) as generated by the synthesized microwave driving field V (t). We measure the state population of the spin level |0i as a function of the evolution time. Under the resonant condition, the state population P |0i can be written as follows
In Fig.2 (c), we observe the coherent oscillation of the state population, which demonstrates Floquet Raman transition between the upper and lower band levels. The contrast is a↵ected by the line broadening of the system.
B z , where the zero field Hz and is the electron gyy a magnetic field B z = 510 t the nitrogen nuclear spin is is determined by pulsed optionance measurement (pulsed s the polarization of the niplementary information. The ing is very critical to observe 18]. In our experiment setup, mple on a single-stage TEC e control. The temperature tabilized by a 12W tempera- netic field drift. The NV center has triplet ground state with three spin sublevels m s = 0,±1. The degeneracy of m s = ±1 is lifted by applying an external magnetic field B z along the NV axis, which provides an e ective two-level system supported by the ground stats sublevels m s = 0 and m s = 1 with an energy gap E = D B z , where the zero field splitting allowing the implementation of Raman transitions between the upper and lower levels. For example, |+,n , | ,n 1 and |+,n + 1 forms a three level system, see Fig.2(b) . In order to enable e cient Raman transition between the two levels | ,n 1 and |+,n + 1 via |+,n , the energy resonant condition has to be satisfied, namely E ,n 1 = E +,n+1 . This leads z NV axis, which provides an e ective two-level system supported by the ground stats sublevels m s = 0 and m s = 1 with an energy gap E = D B z , where the zero field splitting to enable e cient Raman transition between the two levels | , n 1 and |+, n + 1 via |+, n , the energy resonant condition has to be satisfied, namely E ,n 1 = E +,n+1 . This leads n e↵ective two-level system supported ats sublevels m s = 0 and m s = 1 p E = D B z , where the zero field (2⇡)2.87GHz and is the electron gyWe apply a magnetic field B z = 510 xis so that the nitrogen nuclear spin is lue of E is determined by pulsed optignetic resonance measurement (pulsed lso confirms the polarization of the niin, see supplementary information. The ergy splitting is very critical to observe ransition [18] . In our experiment setup, amond sample on a single-stage TEC mperature control. The temperature ample is stabilized by a 12W temperahorlabs TED200C) so that the temperis reduced to ±0.1 K that corresponds ing of ⇠ 15 kHz. After stabilizing the line broadening is then mainly limited ar spin bath in the diamond sample. surement suggests a line broadening of he NVs used in our experiment, which coherence time of T ⇤ 2 = 4 ⇠ 8µs, see formation. Floquet quantum control and observe ransition, we generate the driving field
with ead of using a microwave mixer, we dithe microwave driving field with a high a Tektronics arbitrary waveform geninteraction picture, we get an e↵ective Hamiltonian for the two-level system as follows
where z = E ! d , x , z are Pauli operators for the spin-1 2 system, x and z represent the transversal and longitudinal components of the energy splitting of the two-level system. The energy gap between the eigenstates of the above Hamiltonian is ! 0 = (
1/2 . We are interested in the weak driving and large detuning limit, namely A ⌧ |! 0 !|. Conventionally, this would not allow spin state transition due to the large energy mismatch. In our experiment, we implement the periodically driven Hamiltonian in Eq.(1) and exploit Floquet dressed states to achieve Floquet control of spin state. To precisely determine the relevant parameters, we first set A = 0 and measure the e↵ective Rabi frequency for di↵erent driving frequency detuning, see the inset of Fig.1(c) . The e↵ective Rabi frequency is given by ⌦ = According to Floquet theory, the evolution dynamics of the periodically driven two-level system can be described by Floquet quasi energy states (namely Floquet modes) | j (t)i with the corresponding quasi energy E j as | (t)i = P j c j e iE j t | j (t)i. The Floquet states and spectrum were observed in a strongly driven superconducting flux qubit [2] . The Floquet dynamics of the driven two-level system can be mapped to a two-band Wannier-Stark ladder model. The upper and lower bands correspond to the spin states |±i that are the eigenstates of
The energies of the upper and lower Floquet levels denoted as |±, ji are E ±,j = ±! 0 j!, where ± represents the upper and lower band respectively, see Fig.2(a) . As |±i are not the eignenstates of x , the e↵ect of the weak driving A in the Hamiltonian Eq.(1) will couple the levels |+, ji and | , ji with |↵, j ± 1i, where ↵ = ±, see Fig.2(a) . The coupling strength is ±( 1) ↵ (A x /i2! 0 ) and ⌥(A z /i2! 0 ) respectively, see Ref. [15] and supplementary information. Therefore, it can seen that the tunneling between the upper and lower band as meditated by Floquet synthetic dimension can be exploited to manipulate spin state in a coherent manner.
In our experiment, we exploit the three-level configurations provided by Floquet synthetic dimension, allowing the implementation of Raman transitions between the upper and lower levels. For example, |+, j + 1i, |+, ji and | , j 1i forms a ⇤ three level system, see Fig.2(b) . In order to enable e cient Raman transition between |+, j + 1i and | , j 1i via the intermediate state |+, ji, the energy resonant condition has to be satisfied, namely E +,j+1 = E ,j 1 [18, 19] . This leads to the Floquet resonance condition ! = ⌦, which is contrast to the conventional Rabi resonance condition ! = 2⌦ for a driven two-level system [18] . We remark that the exact resonance conditions are slightly modified due to the highorder energy shift, see supplementary. We first prepare the NV center spin in the state | i, namely in the lower band, by applying a microwave pulse on resonance with the two-level system with the amplitude ⌦ ✓ for a time duration ⌧ ✓ = ✓/⌦ ✓ . The system is then governed by the Floquet Hamiltonian as in Eq. (1) as generated by the synthesized microwave driving field V (t). We measure the state population of the spin level |0i as a function of the evolution time. Under the resonant condition, the state population P |0i can be written as follows
In Fig.2(c) , we observe the coherent oscillation of the state population, which demonstrates Floquet Raman transition between the upper and lower band levels. The contrast is a↵ected by the line broadening of the system. sents the upper and lower band respectively, see Fig.2(a) . As |± are not the eigenstates of σ x , the effect of the weak driving field as written in the Hamiltonian Eq.(1) will couple the levels |α, n with |β, n ± 1 , where α, β = ±, see Fig.2(a) . The strength of such off-resonant coupling is (A/2ω 0 ) [δ αβ ∆ x + (1 − δ αβ )∆ z ] [39, 41] . Therefore, it can seen that the transition between the upper and lower band as meditated by Floquet levels can be exploited to manipulate spin state in a coherent manner.
In our experiment, we exploit the three-level configurations provided by Floquet synthetic levels, allowing the implementation of Raman transitions between the upper and lower levels. For example, |+, n − 1 , |−, n + 1 and |+, n (|−, n ) forms a Λ (V) three-level configuration, see Fig.2(b) . In order to enable efficient far-detuned Raman transition between |+, n − 1 and |−, n + 1 via the intermediate states |±, n , the energy resonant condition has to be satisfied, namely E +,n−1 = E −,n+1 [39, 41] . This leads to the Floquet resonance condition ω = (ω 0 /2), which contrasts to the conventional Rabi resonance condition ω = ω 0 for a driven two-level system [39] . The resonance conditions are slightly modified due to higherorder dynamical Stark shifts [39] . We first prepare the NV center spin in the state |+ , namely in the upper band, by applying a microwave pulse on resonance with the two-level system with the amplitude Ω for a time duration τ θ = θ/(2Ω) to induce a rotation of angle θ aroundŷ axis. The system is then governed by the Floquet Hamiltonian as in Eq. (1) arising from the microwave driving field V (t), see Fig.1(b) . We measure the state population of the spin level |0 as a function of the evolution time. As shown in Fig.2(c) , our experimental data clearly demonstrates Floquet Raman transition between the upper and lower band. Under the resonant condition, the state population P |0 can be written as
, where Ω F is the Rabi frequency induced by Floquet Raman transition. We remark that the additional fast oscillation feature is mainly due to the interband energy splitting ω 0 , and can be eliminated by an additional appropriate microwave pulse [41] . We further characterize the dependence of the Rabi frequency of the Floquet Raman transition on the driving strength A, see Fig.2 which agrees well with the theoretical analysis and nu- Fig.2 (e), we show the relative contrast of Floquet Raman transition which clearly demonstrates Floquet resonant feature, namely an optimal Raman transition efficiency appears when the resonant condition is satisfied.
Raman transition between the other Floquet synthetic levels are also feasible if the general m-th order Floquet resonance condition ω = (ω 0 /m) is satisfied [39] , where Floquet Raman transition is mediated by multiple levels [43, 44] , see Fig.3(a) . In our experiment, we tune the frequency of the weak microwave driving field to match the third-order Floquet resonance condition ω = (ω 0 /3). The coherent oscillation of the spin state population as shown in Fig.3(b) demonstrates the third-order Floquet resonance enabled Raman transition. The observed Rabi frequency of Floquet Raman transition is estimated to be Ω F = 9A 3 ∆ 2 x ∆ z /(2ω 5 0 ) which agrees well with Floquet theory [39] . The observed Floquet Raman transition allows to coherently manipulate spin state using a driving field with under-limited frequency, and thus may facilitate coherent quantum control e.g. under a high magnetic field. We remark that the parameters that allow us to observe resonant spin state transition in our experiment satisfy the traditional adiabatic condition [41] . Nevertheless, the spin system does not follow an adiabatic evolution trajectory, and instead demonstrates evident state transition. The phenomenon is not discovered in the previous relevant experiment [36] , and represents more general anomalous non-adiabaticities in weakly driven systems.
Analog photon-assisted Floquet Raman transition.-The observed Floquet-Raman transition is a high-order process due to the energy gap between upper and lower band. According to Floquet theory, we predict that the speed of Floquet-Raman transition can be enhanced by a frequency modulated driving field V d (t) = A sin [ωt + a sin(νt))]. In the Floquet picture, the frequency modulation leads to the oscillating of Floquet levels, see Fig.4 . This allows for the experimental examination of photon-assisted tunnelling [45, 46] , resonance enhanced quantum transport [47] and probe for coherence in driven systems [48] , as it causes k-photon assisted (Floquet) Raman transition with an enhanced transition rate ∼ J k a ν [41] when kν = ω, where J n (x) is the n-th order Bessel function, or dynamical localisation for zeros of this Bessel function [47, 49] . Although the Floquet energy structure in the present scenario is more complicated than a Λ system, it still exhibits the analog of photon-assisted enhancement in transition efficiency. In Fig.4(a-b) , it can be seen that an analog two-photon assisted Floquet-Raman transition (ν = ω/2) with a small amplitude of frequency modulation (a/ω = 0.024) can achieve a complete state transfer requiring a time that is significantly reduced. This result thus offers a new perspective to engineer quantum control of a driven two-level quantum system.
Conclusion.-To summary, we simulate a two-band Wannier-Stark ladder model using a solid state spin system under weak periodic driving. We exploit the synthetic dimensions in the Floquet framework and experimentally observe second-and third-order Raman transition meditated by Floquet synthetic levels. We show that analog photon-assisted Floquet Raman transition may exist in such a driven two-level quantum system. The present result enriches Floquet dynamics for Floquet Hamiltonian engineering aiming for the development of new techniques for coherent quantum control and the investigation of novel Floquet quantum phases. In addition, the observed Floquet Raman transition provides additional and more general scenarios which violate the widely adopted traditional adiabatic condition, and may provide insights into adiabatic dynamical evolution of quantum systems.
It can be seen that the transfer efficiency is optimized when ∆ z ∆ x / √ 2. In our experiment, the system is initialized into the |+ state, and the state evolution is described as follows
where 2 nd -order Floquet resonance:
represents the Rabi frequency of Floquet Raman transitions as see from Eq.(S.17-S.19), and |+ = cos(
. Therefore, it can be seen that a complete state transfer between the spin states |+ and |− can be achieved, and applying an additional rotation (U ) aroundŷ axis, one can implement coherent transition between the spin states |m s = 0 and |m s = −1 . In the lab frame, the state evolution is
After the evolution for time T , we directly measure the population of the state |m s = 0 via spin-dependent fluorescence, which can be written as follows
The second term ∼ sin(ω 0 T ) in Eq.(S.25) represent a fast oscillating feature, which agrees well with our experiment observation.
Floquet Raman transition with different driving amplitudes
In our experiment, we tune the amplitude A of the weak driving microwave field, and investigate the dependence of Rabi frequency of Floquet Raman transition on the driving amplitude. In Fig.S2(a-b) , we show the coherent spin state transfer via Floquet Raman transition that is driven by a microwave field with different amplitude A. 
Analog photon-assisted Raman transition by frequency-modulated driving
Periodic modulation of the trapping potential can lead to an analog of photon-assisted tunneling [3, 4] , which e.g. can be implemented in sinusoidally shaken optical lattice or by applying AC electric field in solid-state systems. Here, we analyse the similar analog of photon-assisted phenomena in far-detuned Raman transition. We consider a simple Λ system with the following Hamiltonian
The transition from the state |g 1 to |g 2 represents a far-detuned Raman transition with an effective transition rate Ω e = µ 2 /2ω. The periodic modulation of the energy levels as follows
where a and ν represents the amplitude and frequency of the modulation. Define the time-dependent operator
The effective Hamiltonian can be written as
where J n (x) is the n-th order Bessel function. When the resonance condition kν = ω is satisfied, with the rotating wave approximation, we only consider the time-independent terms in this Hamiltonian as
where g = gJ k a ν . We remark that depending on the value a ν one obtains a strong transport or when J k a ν = 0 one finds suppressed transport, i.e. dynamical localisation [5, 6] . If k is even (odd), the amplitude of two tunneling term have the same (opposite) value. Assume the initial state is |g 1 , the final state at time t can be easily calculated as The transition probability from the state |g 1 to |g 2 is given by
At time t = (π/g ), one can a complete state transfer from |g 1 to |g 2 . The value of k is even or odd does not influence the result. The above analytical results agree well with the exact numeric simulation, as shown in Fig.S3 , which clearly demonstrate that the photon-assisted Raman transition exhibits significantly enhanced state transfer efficiency.
The analog photon-assisted Raman transition can also appear in Floquet synthetic dimensions. To demonstrate this phenomena, we introduce the following driving field with frequency modulation as
(S.33)
The would lead to the following Floquet Hamiltonian as H = n,σ n ω + a sin(νt) + ω 0 2 σ z |n, σ σ, n| + A∆ x 2ω 0 n |n, + n + 1, +| − |n, − n + 1, −| + h.c.
+ A∆ z 2ω 0 n |n, + n + 1, −| + |n, − n + 1, +| + h.c. .
(S.34)
The above Hamiltonian represents a two-band Wannier-Stark ladder with periodic modulation of lattice potential. Our analysis shows that it is feasible to observe analog photon-assisted Floquet Raman transition in such a driven two-level system, as shown in Fig.4 of main text.
Violation of the traditional adiabatic condition
The adiabatic theorem states that if the Hamiltonian of a system changes slow enough, it will remains in its instantaneous eigenstate [7] . The traditional adiabatic condition is given by [8] ∀m = n m(t)|ṅ(t) E m (t) − E n (t) = m(t)|Ḣ(t)|n(t) (E m (t) − E n (t)) 2 1, (S. 35) with |m(t) and |n(t) are the instantaneous eigenstates of the time-dependent Hamiltonian H(t), E m (t) and E n (t) are the corresponding eigenenergies. For the present Hamiltonian as in Eq.(S.4), the instantaneous eigenstates are |e(t) = cos(ϕ/2) |0 +sin(ϕ/2) |1 , and |g(t) = − sin(ϕ/2) |0 +cos(ϕ/2) |1 , where ϕ = tan which is neither sufficient nor necessary [9] . Ref. [10, 11] proposed a strong sufficient (but not necessary) condition to guarantee the reliability of adiabatic theorem as follows QAC 2 : C 2 = T 0 m(t)|ṅ(t) E m (t) − E n (t) dt 1, (S. 37) where T is the total evolution time. Another modification of the traditional adiabatic condition is given as follows [13] QAC 3 : C 3 = m(t)|ṅ(t) E m (t) − E n (t) + ∆ nm (t) 1, (S is always a real number, thus ∆ nm = 0, and the condition is equivalent to the traditional adiabatic condition, namely C 1 = C 3 . It has been experimentally verified in [12] that QAC 1 is neither sufficient nor necessary, and QAC 2 is a strong sufficient condition, while QAC 2 is applicable to the system therein. We plot C 1 /C 3 and C 2 in Fig.S4 for the observed Floquet Raman transition processes. It can be seen that our experiment also demonstrates that QAC 1 is not sufficient, while QAC 2 is a strong sufficient condition, which agree with the observation in [12] . Moreover, the result instead shows that QAC 3 is not sufficient, see Fig.S4 (a). The present experiment of Floquet Raman transition thus offers a new and more general scenario to gain insights into different formalisms of adiabatic condition [9] [10] [11] [13] [14] [15] .
